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Abstract-A model is constructed of a thin film of a rigid-plastic material bonded to a linear elastic
substrate subject to a state of mismatch strain between the two materials. The purpose of the study
is to investigate the existence of deformation localization in the film that is periodic along the
direction of the bi-material interface. Bifurcation phenomena could be a possible precursor to
debonding phenomena. The conditions necessary for these undulations to appear are given by a
bifurcation equation which relates the internal film stress to the relative stilTness of the substrate
and the thickness of the film.

I. INTRODUCfION

The study of thin film structures from the point of view of solid mechanics is becoming
increasingly relevant to various areas of modern technology. Ultra-thin to moderately thick
metallic and organic films are grown on relatively massivc solid substratcs for packaging
purposcs as well as for thc actual manufacturing of microelcctronic dcvices. The simplest
structures consist of single films grown over relatively massive solid substrates and more
complic'lted ones involve multi-layers of scveral films with diffcrent chcmical, electrical.
optical, thcrmal and mechanical properties. There arc various methods used to grow films,
but chcmical vapor deposition and electron beam deposition arc the two most commonly
used techniqucs. Inherent to these deposition methods is the introduction of residual and
thermal stresses in the thin films. Subscquent heat treatments can relieve some of these
stresses, but other processes such as ion-implantation of the 4ilm-substrate composite can
increase the internal film stress (sec for instance Eernisse, 1977). Regardless of their origin,
internal stresses can have deleterious effects on the optical, electrical and mechanical
properties of thin films. It is therefore natural to be concerned with phenomena which lead
to the degradation of the properties and. consequently, the quality and integrity of thin
tilm structures. For instance, residual stresses can give rise to anomalous behavior in
microelectronic devices that arc made of such film-substrate composites. Ramirez el al.
(1988) have recently studied the impact of residual stresses via the piezoelectric elTect on
some electrical properties of gallium arsenide field effect transistors.

Studies of thin IiIm stability found in the literature deal primarily with thermal stability.
Within this context. a thin film is said to be stable if it retains its desirable properties over
a wide range of temperatures. The focus of this paper is on a different kind of stability.
namely. mechanical stability. We arc interested in the stability of a uniform state of
deformation of a thin rigid-plastic film bonded to an elastic substrate in the presence of
mismatch strain. Two important sources of this strain are lattice mismatch between the film
and the substrate. and dilTerent thermal expansion coeflicients. Within the framework of
continuum mechanics. we focus on the existence ofdeformation instabilities that are periodic
along the direction of the biomaterial interface. These deformation modes can occur when
the film is deformed in tension parallel to the interface and are not desirable in applications.

Various investigators, such as Weissman tel el al. (1979). have reported that high
intrinsic stresses build up in thin film layers. A recent study on the shear stress distribution
at a film-substrate interface is given by Freund and Hu (1988). As a result of these stress
build-ups. films that exceed a certain thickness. or presumably a given internal stress level,
tend to wrinkle and debond from the substrates. The process of wrinkling and debonding
gives rise to observable patterns known as stress relief forms. Some of the patterns have
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been documented for diamond-like carbon thin films by Weissmantel et al. (1979), and
more recently. by Nir (1984). It should ~ pointed out that these two studies dealt with
hard films. and elastic buckling theories seem to be sufficient to adequately describe the
observed phenomena, In the current study. the motivation for concentrating on deformation
instabilities of plastic origin stems from the conjecture that the bulk deformation required
to relax stresses. associated with differential thermal strains and lattice mismatch. is in many
instances plastic flow (see Jackson and Li, 1982). Apparently. however. no systematic
experimental study has been reported which deals precisely with the type of plastic instability
which we analyze in this paper.

A solid body is said to be in a state of homogeneous deformation when it is subjected
to a uniform state of strain. The departure from such a state and subsequent appearance of
an inhomogeneous or localized deformation mode is known as a bifurcation phenomenon.
The theoretical framework for this kind of phenomenon in plastic solids was pioneered by Biot
(1965). Since then. much analytical and numerical work has been done in what has now beconH:
a very active research area. Most relevant to this study is the notable work of Hill and
Hutchinson (1975). They considered bifurcation phenomena in the plane strain tension test of
a block of material with a linearly incremental constitutive law. The present study. though not
as exhaustive as theirs. follows the same methodology.

Also relevant to this work is a paper by Steil' (19R6) which examines intert:lce instabilities
in a bi-matcrial composite consisting of a finite thickness layer between two infinite half
spaces. In his work. Steil' takes the same linearly incremental constitutive law for the materials
composing the layer and the adjacent half spaces. In our study. only the layer is made of a
linearly increlm:ntallllaterial. when:as the substrate is taken to be linearly clastic. Less recently.
Doris and Nemat-Nasser (11)RO) considered the problem of a layer on the surf~lce of a half
space subject to overall comprcssive loading (i.e. both layer amI substrate experience the same
comprcssive loading). These authors studied various combinations of constitutive laws fiJI" thl'
layer and the half sp~lce. Even though the problem that they considered secms at first glance
very similar to ours. our study ditlers in a fundmental way from theirs in that the loading of
the bodies is due to an initial strain mismatch. This gives rise to an overall (compressivc)
loading of the layer and a compn:ssive (tensile) one of the substrate. Moreover. we capitalize
on the assumption that the layer is very thin in order to arrive at a very simple criterion for
determining the onset of bifurcation.

In Section 2. the incremental boundary value problem to be solved in this paper is
developed. Emphasis is placed on the assumptions made and on the general point of view that
underlies this work. Section 3 begins with a summary of the constitutive equations that are
used in thl: ensuing analysis. The section ends with the derivation of the velocity lield that
satisties the kinematic constraints of the boundary value problem. In Section 4, the ditferential
equations for the nominal stress rates arc found. The bifurcation equation is determined in
Section 5 by focusing on only one of the thn:e governing equations available from Section 6.
finally, a discussion of the results is given in Section 7.

2. ST:\TEME:\T OF TilE PROBLEM

We arc interested in modelling a thin rigid-plastic tilm bonded to a linear elastic substrate
of relatively large extent suhject to a state of mismatch strain between the two materials. We
assume that the substrate remains clastic while the film undergoes plastic deformation; this is
a likely scenario when the elastic moduli of the tilm and the suhstrate ditfer by allcast an order
of magnitude, but the strengths arc comparable. The geometry to be analyzed is depicted in
Fig. I. The thin film is centered about a local Cartesian coordinate system (XI' x~). The
deformation is plane strain and is confined to the (XI' x~) plane. The film is assumed to be
initially homogeneous and orthotropie (possibly isotropic) with respect to the X I and X~ axes.
Initially the substrate and the film arc stress free. The film is then subjected to uniaxial
homogeneous straining along the XI-direction. with principal stretches along the X I and X~ axes.
At the instant under consideration (i.e. the pre-bifurcation state), the film has a thickness 2(/~

and principal stresses ITI = IT > 0 and IT~ = O. We now inquire whether the film can wrinkle.
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Fig. I. Idealized geometry of the film-substrate composite and schematic representation ofinterfacial
shear stress.

The point of view we adopt is that the state of uniaxial stress in the film is incurred during
the fabrication of the composite, and we do not concern ourselves with the precise nature of
the l~tbrication process. It should be mentioned that. for the casc of strained layer epitaxy, the
atomistic picturc we have in mind is that the crystal in the substrate has larger (smaller) lattice
dimensions than those of the material in the film. When the film is grown epitaxially on the
substrate. tensile (compressive) stresses are introduced into the lilm due to the lattice mismatch.

A solution to the problem described above is obtained by choosing a linearly incremental
constitutive law for the film, and by posing the boundary value problem in terms of rates of
change of nominal stress i'" and velocities 1',. For the remainder of this paper. roman subscripts
will denote components of the tensors with res[X-'Ctto the x Iand x! axis. In the ensuing analysis,
periodic dcl'(lfInation modes are sought. This makes the boundary value problem tractable
since we can exploit symmetry conditions by eonfining attention to a finite segment of the film,
the length of which is equal to half the wavelength of the periodic surface deformation mode.
As shown in Fig. I. the current half-wavelength is taken to be equal to 2a,. Along the lateral
edges of the segment. symmetry requires that the shear stress and the longitudinal component
of velocity I', vanish. The top surf~tce of the segment must remain traction free. and continuity
of tral:lions and displacements between the film and the clastic substrate must be respected
along the bottom f~lCe.

In the spirit of the thin film hypothesis, we only require continuity of displacements in
the x I-direetion and of shear tractions along the film-substrate interface. Both requirements
can be fullilled simultaneously by requiring the extensional strain in the XI-direction to be
continuous across the interf~tce at x! = -i/!. This is an equivalent statement of Hadamard's
lemma in the context of the problem at hand. Since the proposed bifurcation analysis will
be done by foeusing on a finite segment of the rigid plastic film. a form of the continuity
requirement is needed which involves only the film fields p,/ and V,. In rate form, the
aforementioned condition states that. at the film-substrate interface, the rate of change of
the extensional strain r.~ I of the substrate is equal to the spatial gradient in the x ,-direction
of the longitudinal velocity component VI of the film. Our immediate goal is to find an
expression for I;~ I in terms of the interfacial shear stress r(x I) which is common to both
film and substrate (see inset. Fig. I). In order to extract the rate form of this expression,
r(x l ) will later be replaced by P!I(X 1• -tl!). In effect, we arc stating that the Cauchy
stress-rate and the nominal stress-rate arc equal at the film -substrate interface, to insure
consistency of the linear and non-linear theories along this boundary.

As previously stated, we assume that there is no traction acting along x! = -a! other
than r(x d. Therefore, from plane strain elasticity. along the surface of the elastic half space
r.'; 1 is

I-v!
r.~I(XI' -Cl!) = ~(JII(.\"I' -a!).

where a I I (x I. - G!) is the non-vanishing component of the Cauchy stress along the surface
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due to the tangential traction r(x,). Poisson's ratio and Young's modulus for the substrate
are v and E. respectively.

The Cauchy stress at the surface of the elastic half-space x ~ = - 211~. due to a con­
centrated tangential load at XI = ~ of magnitude T(~). is obtained from the solution to
the Flamant-Boussinesq problem (see Fung. 1965): (j11(X I • -11~) = -2T(~)n:(xl-~)'

Replacing T(~) by r(~) d~ and summing over the entire length of the tilm-substrate interface.
results in the expression for (j II (.\: I. - a~) that we seek. Substituting this stress in (2. I) yields

(2.2)

We conclude this section by summarizing the boundary conditions for the incremental
problem to be considered:

(2.3)

(2.4)

(2.5)

(2.0)

and

(2.7)

.1 CONSTITUTIVE EOUATIONS AND TilE STREAM l'lj:'-JCTIO~

For rate insensitive. incrementally linear solids in the rigid-plastic limit. the constitutive
law is (sec Hill and Hutchinson. 1975)

• • 4·' 4 •(j II - (1 ~ ~ = II t; I I = - II I: ~ ~.

(3. I)

where ;'1 is the co-rotational rate of the Cauchy stn:ss. and 1;'1 is the spatial strain-rate. In
an in-plane uniaxial test along either the XI or the X~ axes. the tangent modulus is
411 •. Furthermore. in this constitutive law. hydrostatic pressure has no intluence on the
deformation.

In terms of nominal stress rates /)'1 and velol.:ities I',. the wnstitutive relations (3.1)

reduce to

(3.2)

(3.3)

where (j is the current prinl.:ipal Cauchy stress in the film along the XI-axis. In addition to
(3.2) and (3.3). the nominal stress rates must satisfy momentum balance. For incompressible
materials. a useful form of the equations of innell1ental equilihrium is (scc Hill and
Hutchinson. 1975)
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(3.4)

Tht: incompressibility condition cr IV"t + (~r~/cx~ = 0 implies the existence of a stream
function t/!(x l. x:) such that

. _ (~t/!
11 - -~-,

(X~

(3.5)

It was shown in tht: original work of Biot (1965) or Hill and Hutchinson (1975) that in the
rigid-plastic limit the governing equation for t/!(XI' x~) is:

(3.6)

The presence of shear bands or slip lines in the film is closely related to the fact that the
partial ditferential equation (3.6) is hyperbolic. Solutions of (3.6) give rise to families of
pairs of characteristics in the (.\"1, x~) plane which bisect the coordinate directions (keep in
mind that the coordinate directions arc also the principal directions). The characteristic
directions correspond to slip directions or lines along which shearing is localized.

As mentioned in Section 2. we search for deformation modes which are periodic in the
XI-direction. Such modes can he generated by choosing the following stream function:

(3.7)

In light of (3.6). the function g(x~) must satisfy

(3.8)

Thc general solution to (3.S) can be writtcn as

(3.9)

where A is a constant amplitude. and If> is a phase angle. The key to successfully solving
the currcnt problem is not to consider modcs which are symmetric or anti-symmetric
about thc X I-axis. but rathcr take If> as an unknown. In this kind of analysis involving a
homogcncous systcm ofcquations (scc for instance Hill and Hutchinson. 1975). the ampli­
tude A will remain undetermined and therefore can be set to unity at tht: outset. However,
we choose to carry this constant along in thc analysis until it is evident that it has no bearing
on thc tinal solution. For notational purposes. it is convenient to introduce the auxiliary
functions C(x:) = A cos ('/IX~+I/» and S(x~) = A sin (rJIX2+¢)'

In light of (3.9), the velocity field is obtained via (3.5) and may be written as

The kincmatic constr'lint (2.3) is thereforc satisfied whcn

n:n
rJl=;;;-' n=I.3.5.···.

_at

(3.10)

(3.11 )

Moreover. it can bc shown that the smoothness condition (2.4) is automatically satisfied
hy (3.10), and that the remaining boundary conditions arc automatically satisfied by (3.8).
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4. GOVERNING EQUATIONS FOR THE l'OMI:-.iAL STRESS RATES

Substituting the velocities t'\ (.'\' x:) and t· :(x I. x:) as given in (3.10) into the constitutive
relations (3.2) and (3.3) results in

(4.1)

(4.2)

It should be noted that a feature of the rigid-plastic case is that there are no separate
constitutive relations for PI~ and P~I' Consequently. the mathematical structure of these
two stress rates may be obtained intuitively. The end condition (2.6) can be satisfied by
taking

(4.3)

where F(x~) is an unknown function. It follows from (4.2) that we must take

(4.4)

where G(x~) is a second unknown function. Substituting (4.1). (4.3) and (4.4) into (3.4)
yields

where prime denotes differentiation with respect to x:. These last two dilrerential equations
suggest th~lt we take

(4.6)

where ll(x:) is the third and last unknown function that is introduced.
We can obtain governing equations in terms of the unknown functions F(X2). G(X2)

and H(X2) by appropriately substituting the expressions (4.3). (4.4) and (4.6) into the
equations (4.2) and (4.5). The resulting relations are

(4.7)

(4.8)

(4.9)

Equations (4.7) through (4.9) can be suitably manipulated to yield uncoupled second
order differential equations for F(X2). G(X2) and H(X2)' We can obtain the sought after
bifurcation equation from anyone of the three resulting equations. We will proceed to
derive only the governing equation for G(X2)' Naturally, all three differential equations arc
needed ifone wishes to solve explicitly for the nominal stress rates I',;(XI' x:) via equutions
(4.\). (4.3), (4.4) and (4.6). These steps offer no added mathematical dilliculty and will be
omitted from the current discussion. Differentiating (4.8) and substituting the resulting
expression for H'(X2) from (4.9) and for F(X2) from (4.7) yields the following governing
equation for G(X2):
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(4.10)

Th~ ditfaential equation (4.10) must be solved subject to the boundary conditions

G(a") = O. (4.11 )

(4.12)

(4.13)

(4.14)

Th~re boundary conditions were obtained by expressing the original boundary conditions
(2.5) through (2.7) in terms of the unknown functions F(xz). G(xz) and H(X2). and then
making judicious usc of equations (4.7) through (4.9).

5. BIFURCATION EQUATION

The general solution of the differential equation (4.10) is

where ("" and CI arc integration constants that must be determined from the boundary
conditions (·tll) through (4.14). Let G.(x") be the solution to (4.10) that satisfies the
boundary conditions (4.11) and (4.12). Note that these boundary conditions arc prescribed
along the top face of the film. Likewise. let G. (.1: 2) be the solution which satisfies the
boundary conditions (4.1 J) and (4.14). The solution to (4.10) that we seek must satisfy the
boundary conditions at the top and bottom faces of the film. By requiring that G .. (x") and
(j (.I: 1) bc eq ual to each other. we can obtain a constraint among a. IL·. (/ I. a 1. '11' E and I'.

The resulting expression is an eigenvalue equation and is usually identified as the bifurcation
equation. Either solution G .(Xl) or G (.1:"). when used in conjunction with the bifurcation
equation. will satisfy both sets of boundary conditions. Alternatively. one can apply the
boundary conditions (4.11) ·(4.14) to the solution (5.1) and obtain the bifurcation condition
from the requirement that the integration constants Co and ("I cannot both be zero.

The individual expressions for G .(.1:") and G.(Xl) are ratha long and unwieldy. and
are of no use to us except for obtaining the eigenvalue equation. For this reason. we
choose not to display them here but rather directly provide the simpler expression for
G.(X2)-G (Xl) =0.

where P = Ei2( I - 1,2). One can expand the trigonometric functions in (5.2) and rewrite
the resulting expression as the sum of a sin ('IIX2) term and a cos ("IX2) term being equal
to zero. In general. the latter equation can hold only if the coellicients of sin ('1IX2) and cos
(",x 2) identically vanish. This last requirement gives rise to the following two equations:

E* sin (2'11(/2 -¢» + (S"lazIL· +E·) sin ¢>- •._---_._--------_._- ----
sin (2"1(12) sin (p (5.3)

(5.4)
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We can solve for the phase angle 4J by subtracting (5.4) from (5.3) and expanding the
trigonometric functions. The result is

Furthermore. (5A) can be rewritten as

ij = !+qcsc{2q)+ ~ [cotq+tan4Jl.

(5.5)

(5.6)

where the non-dimensional variables (j = 11/4JI*• .; = PiJI*. and q = fila z have been intro­
duced. The variable q corresponds to the non-dimensional wave number; when q ! 0 the
wavelength of the inhomogeneous deformation modes becomes arbitrarily large with respect
to the thickness of the film. and when q i Cf) the wavelength becomes arbitrarily small.
Likewise. .; is a measure of the relative stitfness of the substrate; when'; = 0 the substrate
is infinitely compliant. and as .; T00 the substrate becomes perfectly rigid. The tangent of
(/> which appears in c4uation (5.6) is easily obtained from (5.5) via the trigonometric identity
sin (2(/1) = 2 t'1l1 (/> ( I + tan z (/» as

Xq +.; { j.(....~ sin (2;/i)"~'}
tan (p =. - I + 1- .

.; Sll1 (2'1) - Xq +.; (5.7)

Equation (5.6) is the so-called bifurcation equation which must be satisfied if defor­
mation instabilities are to be possible. In the 'Ibsence of the clastic substrate. .; = O. this
equation reduces to

- I q
(J = ,+ -:---"'--' .

• - sin (2q)
(5.8)

As expected. equation (5.~) is equivalent to equation (AI.II) in Hill and Hutchinson
(1975) where the plus (minus) sign corresponds to symmetric (unti-symmetric) incremental
deformation modes.

An inspection of (5.6) reveals that the eigenstress a is singular when q = mr./2. n = I,
3. 5.···. Moreover. t1 is also singular when q = O. This is unlike the case of a rigid-plastic
block in plane tension. for which the bifurcation equation is (5.8). where ii ! I as II ! O. The
stress level (J = 4p*. or ii = l. is the so-called maximum load. Finally. it should be pointed
out that as the substrate becomes increasingly rigid the eigenstress required lor bifurcation
becomes unbounded. but it does so in a non-uniform fashion. This completes the deter­
mination of the bifurcation e4uation (5.6) for the boundary value problem that was posed
in Section 2.

6. DISCUSSION OF RESULTS

We focus attention on the first order symmetric mode which is obtained by taking the
plus sign in (5.7) and letting tl = I in (J.II). that is. q = rea~/2al' This is the eigemnode
that has physical significance, for an examination of (5.5) will reveal that the least tensile
eigenstress ii will occur when a~/al < l. Likewise. if the film is under compression one
would only have to consider thc first order anti-symmetric mode. In this symmctric rcgime
ii is unbounded when 'I = 0 and when q = re/l. This means that thcre is an absolute
minimum of ii. say 6,. when q is in the range 0 < q < rei2. There is at least one valuc of the
non-dimcnsion'll wave number. denoted by q,. corresponding to t1('
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Fig. 2. Plot of the relation between the eigenstress and the non-dimensional wave number for several
values of the relative stiffness of the substrate.

Figure 2 shows curves of u versus q for several values of ~. The curve for ~ = 0 is the
result of Hill and Hutchinson (1975) for the bifurcation of a rigid-plastic block in plane
tension. As previously discussed. for non-zero values of ~ there is a critical value q.. for
which bifurcation from the homogeneous state is possible. A consequence of this is that when
a film of thickness 2az reaches the appropriate minimum eigenstress U. the inhomogeneous
periodic deformation modes that can be observed will have a wavelength 4al equal to
2;ro2/q... In the same spirit. one can also state that if U.. is not achieved in the film. then
sinusoidal modes of the form (3.7) will not be observed. Other conclusions may be drawn
from Fig. 2 by fixing the value of the eigenstress u rather than fixing the thickness of the
film.

The above observations are illustrated in Fig. 3 where the bifurcation curve is shown
for the case of ~ equal to 0.25. This value of ~ is obtained by considering a substrate with the
elastic properties of polyethylene. a film made ofa power-law material with the properties of
copper. and a mismatch strain of 2%. The Young's modulus and Poisson's ratio of poly­
ethylene are assumed to be 2 x IO KN/m 2 and 0.45, respectively. The stiffness parameter and
the hardening rate for copper (99.94% pure) are taken to be 4.5 x 10K N/m 2 and 0.33,

"post-bifurcation" domain

4°l
I ~-O.25

3.0.,

Ib 2.0

1.0

/
! film

/ can wrinkle

homogeneous deformation

0.0 -t--...,.---,-'~-r---r--....,----r-----r----r----,

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9

2q/rr

Fig. 3. Plot of the relation between the eigenstress and the non-dimensional wave number for the
case of ~ = 0.25. The analytical model cannot predict the nature of the inhomogeneous deformation

in the post-bifurcation domain. i.e. for values above u,.
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Fig. 4. Plots of the critical values of the eigenstress and thl: non·diml:nsional wave number as a
function of thl: variabk ~.

respectively. The model predicts that the wavelength of the inhomogeneous deformation is
almost nine times the thickness of the film. This wavelength mode is sufliciently long to be
consistent with the thin lilm hypothesis introduced in Section 2.

One must keep in mind that when using values of ~ which result in short-wavelength
modes, the thin film assumption, which requires that the various field quantities vary on
length scales which arc large compared with the thickness of the film, breaks down. In this
case, one could relax the thin film idealization in the original statement of the boundary
value problem <.lnd require continuity of transverse displacements and of normal tractions.
Instead of l>!!(XI. -u!) = () in (2.5), one would have an expression relating i'u to l'~ along
the interface. Then. restricting attention to small film thicknesses, one could sec how
difl'crent the predictions from the improved model are from those presented in this paper.
For small values of ethe dilferences are expected to be insignificant.

Another observation that can be m<.lde from Fig. 2 is that as the degree of constraint
of the substrate on the film increases, higher eigenstresses arc required to meet the bifur­
cation condition. This in turn means that, for a fixed film thickness, as the substrate becomes
stiffer the wavelength of the inhomogeneous deformation mode becomes shorter. Figure 4
shows the locus of values of ii, and lfc for a realistic range of the non-dimensional variable
~. Over most of the range of ~ shown in the plot the internal film stress necessary for
bifurcation is approximately two and a half times the maximum load stress.

7. CONCLUSIONS

In the previous sections the mechanical stability of a strained thin plastic film bonded
to an elastic substrate has been analyzed. It is found that periodic surface instabilities can
occur and that the appearance of these undulations depends on the amount of internal
stress in the film, the rigidity of the substrate, and the thickness of. the lilm. Unlike
the simpler case of the plane tension test of a rigid-plastic block, where departure from
homogeneous deformation can take place just following maximum load. bifurcation
phenomena is only possible at stress levels higher than maximum load. Moreover. the
analysis reveals that having fixed the film thickness and material parameters, bifurcation
can only occur for a critical value of stress and a critical wavelength of the inhomogeneous
deformation mode.
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